Higher-order Bessel beams have been demonstrated to have the ability to trap and rotate low-and high-index particles simultaneously [Phys. Rev. A 66, 063402 (2002)]. The rotation and trapping is caused by the presence of orbital angular momentum arising from its azimuthal phase variation (that changes at integer multiples of 2p) and the concentric rings of the Bessel mode. We demonstrate for the first time to our knowledge a branch from the family of higher-order Bessel beams that has fractional azimuthal variation at its beam axis. This new family of laser beams has the ability to perform dynamic optical manipulation with dynamic control of a spatial light modulator. Furthermore, we take the opportunity to explore the propagation characteristics of higher-order Bessel beams for which the azimuthal phase changes at noninteger multiples of 2p.
In recent years, singular optical beams have been studied intensively, because they have a unique helical phase wave front with respect to their topological charge about their beam axis. Furthermore, the singular beam, which contains the phase term exp͑ilu͒, has a uniform orbital angular momentum that can be observed through its mechanical torque on microparticles. 1, 2 This mechanical effect offers optical micromanipulation with an additional degree of freedom.
Most of the research on singular beams has focused on the Laguerre-Gaussian modes 3 and more recently on higher-order Bessel modes 4 with the azimuthal phase l, changing at integer multiples of 2p. In 1994, Beijersbergen et al. 5 investigated the fractional Laguerre -Gaussian modes by means of a spiral phase plate. They found that the phase singularity of a half-integer l appears next to the center of the beam. When an integer l is introduced, the phase singularity shifts back to the center of the beam. Franke -Arnold et al. 6 suggested that the resulting beam from the fractional l is unstable upon propagation.
In this Letter we present the propagation dynamics and the dynamic trapping ability of a higher-order Bessel beam with an azimuthal phase that changes at noninteger multiples of 2p, which is generated directly from a hologram by use of a spatial light modulator (SLM) instead of an axicon 7 or a hologram. 8 The SLM can be viewed as a dynamic hologram, which can change its holographic patterns as programmed and produce different orders of the Bessel beams easily. 9 Both theoretical and experimental results are discussed.
For generating Bessel beams with a SLM the phase pattern on the SLM is a transmission function of the form 8, 10 T ͑r͒ exp͑ilu͒exp͑2i2pux͒exp͑2i2pr͞r 0 ͒ .
The phase function has three terms in Eq. (1) . The first term is the phase singularity of charge l associated with the azimuthal phase. For example, l 0, 1, 2, . . . , l denotes the zeroth, first, second, . . . , lth Bessel beams. The second term in Eq. (1) is an adjustable phase factor that represents the angle of the propagation axis relative to the normal for the diffraction-free Bessel beam. Here the spatial frequency u is related to the angle a by which the propagation axis is rotated as a lu ´l͞ND, where N is the number of sampling points of the hologram, l is the illumination wavelength, D is the pixel size, and is an adjustable parameter with a maximum value of N͞2. The third term in Eq. (1) creates a beam with a zeroth Bessel function prof ile whose width stays constant over a distance of L Dr 0 ͞2l, where D is the width of the phase function and r 0 is an adjustable constant parameter. This pattern can be encoded into a hologram ( Fig. 1) , r 2 ͑i 2 1 j 2 ͒D 2 , where i and j are integers identifying each pixel, in this case, r 0 qD, where q is an adjustable parameter. We can change the center of this term to x x c and y y c , thus r 2 ͑x 2 x c ͒ 2 1 ͑ y 2 y c ͒ 2 . To simulate the reconstruction of the hologram in Figs. 1a and 1b, the Fresnel approximation is used to evaluate the result. In the Fresnel approximation the amplitude A͑r, z͒ at a distance z can be obtained from the diffraction integral,
where k is the wave number, J 0 is the zeroth-order Bessel function and r and r are the coordinates of the hologram plane and the observation plane, respectively. The resulting simulation of the intensity pattern is shown in Figs. 1c and 1d . The simulation result shows a clear opening at the center spot. This opening is clearly caused by the fractional phase variation of the beam. Furthermore, by generating the phase of the fractional beam of l 4 and 4.5 shown in Figs. 1e and 1f, we can observe that the fraction in the azimuthal phase variation contributes an additional half-fringe instead of the usual full fringe of an integer azimuthal phase variation. Because of the azimuthal phase variation, orbital angular momentum is present in the fractional beam. Figure 2 shows the setup for observing the intensity distribution of the higher-order fractional Bessel beam. In this setup a He -Ne laser is directed onto a SLM that contains the hologram. The reconstructed beam is ref lected from the SLM to the beam splitter, which directs the reconstructed beam onto the CCD. In this configuration the probability that the output image will be distorted due to the angle of ref lection from the SLM is minimized.
To show that the fractional Bessel beam is propagation invariant, a series of images were taken for distance of 50 cm, as shown in Figs. 3a-3f . In both the simulation and the experimental results it is observed that for a distance from 1.0 to 1.5 m the central spot of the fractional Bessel beam remains unchanged and stable through the propagation distance. The intensity pattern from the simulation result in Figs. 3a-3c is consistent with the experimental results shown in Figs. 3d-3f .
Since within the paraxial limit, for any electromagnetic field c with an azimuthal dependence of the form exp͑ilu͒, the total angular momentum density present within the beam 11 consists of both orbital and spin angular momentum, the fractional Bessel beam could still have orbital angular momentum as each photon carries lh of orbital angular momentum. For simplicity, the total orbital angular momentum per second in a linearpolarized beam is given by 12 
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where P is the laser power, l is the azimuthal mode index, and v is the frequency of light. Hence from the experimental and simulation results shown in Figs. 1 and 3 it can be shown that the higher-order fractional Bessel beam is propagation invariant and stable, which means it behaves like a hollow optical beam with a natural opening with the presence of orbital angular momentum.
In the present optical trapping the fractional beam is an advantage to low-index particles. Since the Laguerre-Gaussian beam and the higher-order Bessel beam, which have a full-doughnut-shaped intensity pattern at the center spot, repel the low-index particles from the dark central spot because of radiation pressure, it is diff icult to easily trap and rotate small low-index particles within the dark central spot. Furthermore, the full-doughnut-shaped intensity pattern also poses difficulty for atomic trapping, because one must insert an obstruction to create a horseshoe intensity pattern in order to increase the coupling efficiency of atoms into the hollow optical guide. 13 The fractional Bessel beam is a possible solution to the problem, because it has a clear opening slit, as shown in Fig. 3 . Furthermore, by changing the higher-order fractional Bessel beam hologram on the SLM to a higher-order integer Bessel beam, the opening slit can easily be closed. In Fig. 4 we can observe the closing of the opening slit as the higher-order fractional Bessel beam hologram changes from the fractional 4.5 to the integer 5. This dynamic changing of the opening and closing of the slit allows a possible selective process for the microparticles.
In conclusion, we have demonstrated that a higher-order fractional Bessel beam is stable along a propagation distance while maintaining an orbital angular momentum due to its azimuthal phase variation. Since orbital angular momentum is exhibited both intrinsically and extrinsically 14 with respect to the beam axis, a higher-order fractional Bessel beam will be ideal for investigating the behavior of orbital angular momentum at the opening of the fractional Bessel beam. We also realized that the higher-order fractional Bessel beam generated from a SLM can be used for dynamic optical trapping, because small low-index particles and absorptive microparticles can be trapped and rotated into the dark central spot of the beam. In atomic optics such a beam with the dynamic control of SLM will allow more coupling efficiency in atom guiding without the use of an additional external obstruction to create the opening slit. 13 X.-C. Yuan's e-mail address is excyuan@ntu.edu.sg.
